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Analysis of Variation of Stress Intensity Factor
along Crack Front of Semi-Elliptical Surface Crack
using Singular Integral Equation Method

Nao-Aki NODA and Shinsuke MIYOSHI

In this paper, a singular integral equation method is applied to calculate the distribution of stress
intensity factor along the crack front of a 3-D semi-elliptical surface crack. The stress field induced
by the body force doublet in a semi-infinite body is used as the fundamental solution. Then, the
problem is formulated as an integral equation with a singularity of the form of 773, In the numerical
calculation, the unknown-function of the density of body force doublet is approximated by the
product of fundamental density function and a polynomial. The smooth distributions of stress
intensity factors for various aspect ratios of the surface crack are obtained by the present method.
The calculation shows that the present method gives rapidly converging numerical results. The
boundary condition is sufficiently satisfied throughout the crack boundary.

Key Words: Elasticity, Stress Intensity Factor, Body Force Method, Semi-Elliptical Surface
Crack, Singular Integral Equation, Numerical Solution, Fundamental Density Func-

tion, Polynomial
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(a) bfa=1.0, v=03 F= Kl(ﬂ)/(oz"’,/:tb)
£ (deg) 1 2 3 4 5 6 7 8 9 10 15 | 20 25
n
8 0.75013 | 0.74463 | 0.74051 | 0.73730 | 0.73467 | 0.73230 | 0.73002 | 0.72768 | 0.72522 | 0.72261 | 0.70822 | 0.69599 | 0.68841 :
9 0.74732 | 0.74320 | 0.74023 | 0.73788 | 0.73572 | 0.73352 | 0.73112 | 0.72847 | 0.72557 | 0.72248 | 0.70708 | 0.69637 | 0.68930
10 | o0.7a560 [ 0.74287 | 0.74002 | 0.73913 | 0.73715 | 0.73480 | 0.73204 | 0.72892 | 0.72555 | 0.72208 | 0.70671 | 0.69702 | 0.68914
11 | 0.74375 | 0.74244 | 0.74140 | 0.74003 | 0.73808 | 0.73548 | 0.73236 | 0.72887 | 0.72523 | 0.72160 | 0.70699 | 0.69722 | 0.68851
12 | 0.74305 | 0.74309 | 0.74272 | 0.74147 | 0.73926 | 0.73624 | 0.73266 | 0.72882 | 0.72498 | 0.72131 | 0.70739 | 0.69716 | 0.68837
13 | o0.74112 [ 0.74283 | 0.74330 [ 0.74230 | 0.74000 | 0.73673 | 0.73291 | 0.72889 | 0.72495 | 0.72128 | 0.70764 | 0.69705 | 0.68846
14 | 0.74075 | 0.74376 | 0.74471 | 0.74370 | 0.74112 | 0.73753 | 0.73341 | 0.72921 | 0.72519 | 0.72152 | 0.70777 | 0.69685 | 0.68860
15 [ 0.72009 | 0.74409 | 0.74528 | 0.74413 | 0.74131 | 0.73751 | 0.73332 | 0.72915 | 0.72524 | 0.72169 | 0.70782 | 0.69678 | 0.68873
16 | 0.74170 | 0.74623 | 0.74731 | 0.74573 | 0.74241 | 0.73818 | 0.73368 | 0.72932 | 0.72532 | 0.72174 | 0.70781 | 0.69684 | 0.68881
17 | 0.74165 [ 0.74667 | 0.74750 | 0.74644 | 0.74238 | 0.73807 | 0.73341 | 0.72926 | 0.72522 | 0.72174 | 0.70782 | 0.69692 | 0.68891
18 | 0.74127 | 0.74647 | 0.74765 | 0.74589 | 0.74232 | 0.73791 | 0.73335 | 0.72906 | 0.72518 | 0.72172 | 0.70779 | 0.69696 | 0.68892
19 | 0.74185 | 0.74657 | 0.74747 | 0.74557 | 0.74192 | 0.73760 | 0.73326 | 0.72925 | 0.72455 | 0.72162 | 0.70781 | 0.69693 | 0.68850
£ (deg) 30 35 40 45 50 55 60 65 70 75 80 85 90
n .
8 0.68298 | 0.67740 | 0.67223 | 0.66881 | 0.66689 | 0.66512 | 0.66288 | 0.66087 | 0.65981 | 0.65945 | 0.65903 | 0.65835 | 0.65800
9 0.68254 | 0.67647 | 0.67253 | 0.66992 | 0.66712 | 0.66425 | 0.66235 | 0.66140 | 0.66047 | 0.65927 | 0.65847 | 0.65841 | 0.65853
10 | 0.68192 | 0.67692 | 0.67332 | 0.66962 | 0.66638 | 0.66444 | 0.66303 | 0.66135 | 0.65992 | 0.65928 | 0.65892 | 0.65836 | 0.65803
11 | 0.68195 | 0.67738 | 0.67300 | 0.66924 | 0.66681 | 0.66472 | 0.66255 | 0.66109 | 0.66020 | 0.65939 | 0.65858 | 0.65840 | 0.65850
12 | 0.68224 | 0.67712 | 0.67267 | 0.66954 | 0.66686 | 0.66436 | 0.66270 | 0.66144 | 0.66007 | 0.65918 | 0.65882 | 0.65838 | 0.65808
13 | 0.68231 | 0.67697 | 0.67277 | 0.66960 | 0.66670 | 0.66447 | 0.66278 | 0.66121 | 0.66016 | 0.65939 | 0.65865 | 0.65852 | 0.65871
14 | 0.68230 | 0.67691 | 0.67288 | 0.66950 | 0.66671 | 0.66457 | 0.66267 | 0.66128 | 0.66020 | 0.65923 | 0.65871 | 0.65828 | 0.65797
15 | 0.68223 | 0.67703 | 0.67294 | 0.66947 | 0.66677 | 0.66448 | 0.66268 | 0.66127 | 0.66012 | 0.65637 | 0.65872 | 0.65845 | 0.65852
16 | 0.68221 | 0.67706 | 0.67294 | 0.66948 | 0.66675 | 0.66453 | 0.66272 | 0.66124 | 0.66016 | 0.65935 | 0.65875 | 0.65850 | 0.65846
17 | 0.68219 | 0.67711 | 0.67291 | 0.66950 | 0.66676 | 0.66455 | 0.66274 | 0.66123 | 0.66020 | 0.65934 | 0.65871 | 0.65824 | 0.65848
18 | 0.68219 | 0.67710 | 0.67291 | 0.66949 | 0.66677 | 0.66455 | 0.66272 | 0.66126 | 0.66016 | 0.65929 | 0.65868 | 0.65827 | 0.65846
19 | 0.68216 | 0.67708 | 0.67287 | 0.66950 | 0.66674 | 0.66456 | 0.66270 | 0.66130 | 0.66014 | 0.65928 | 0.65871 | 0.65834 | 0.65847
- = -
(b) bla=025 »=03 F, - K,(8)/(0."J=b)
5 (deg) 1 2 3 4 5 6 7 8 9 10 15 20 25
n
8 0.60621 | 0.59222 | 0.58234 | 0.57610 | 0.57302 | 0.57266 | 0.57459 | 0.57843 | 0.58379 | 0.59038 | 0.63259 | 0.67765 | 0.72145
9 0.60549 | 0.59067 | 0.58055 | 0.57448 | 0.57184 | 0.57206 | 0.57458 | 0.57896 | 0.58475 | 0.59160 | 0.63305 | 0.67681 | 0.72146
10 | 0.60387 | 0.58851 | 0.57845 | 0.57283 | 0.57083 | 0.57172 | 0.57486 | 0.57971 | 0.58580 | 0.59276 | 0.63312 | 0.67656 | 0.72217
11 | 0.60357 | 0.58762 | 0.57754 | 0.57221 | 0.57062 | 0.57191 | 0.57536 | 0.58038 | 0.58650 | 0.59337 | 0.63279 | 0.67658 | 0.72257
12 | 0.60380 | 0.58719 | 0.57703 | 0.57190 | 0.57060 | 0.57214 | 0.57573 | 0.58077 | 0.58679 | 0.59348 | 0.63216 | 0.67658 | 0.72271
13 | 0.60437 | 0.58700 | 0.57663 | 0.57156 | 0.57042 | 0.57210 | 0.57575 | 0.58075 | 0.58665 | 0.59318 | 0.63153 | 0.67657 | 0.72258
14 | 0.60381 | 0.58592 | 0.57563 | 0.57090 | 0.57015 | 0.57213.| 0.57594 | 0.58096 | 0.58679 | 0.59319 | 0.63129 | 0.67671 | 0.72250
15 | 0.60383 | 0.58551 | 0.57527 [ 0.57077 [ 0.57024 | 0.57237 | 0.57623 | 0.58124 | 0.58700 | 0.59333 | 0.63150 | 0.67673 | 0.72225
16 | 0.60186 | 0.58365 | 0.57380 | 0.56976 | 0.56963 | 0.57203 | 0.57604 | 0.58110 | 0.58685 | 0.59315 | 0.63141 | 0.67676 | 0.72230
17 | 0.60111 | 0.58274 | 0.57313 | 0.56943 | 0.56964 | 0.57212 | 0.57617 | 0.58119 | 0.58687 | 0.59312 | 0.63141 | 0.67671 | 0.72230
18 | 0.60114 | 0.58256 | 0.57303 [ 0.56949 | 0.56975 | 0.57235 | 0.57638 | 0.58132 | 0.58693 | 0.59312 | 0.63153 | 0.67668 | 0.72226
19 | 0.59957 | 0.58222 | 0.57307 | 0.56939 | 0.56941 | 0.57215 | 0.57624 | 0.58119 | 0.58678 | 0.59297 | 0.63157 | 0.67664 | 0.72228
B (de9) 30 35 40 45 50 55 60 65 70 75 80 85 90
n
8 0.76520 | 0.80743 | 0.84532 | 0.87847 | 0.90846 | 0.93595 | 0.95985 | 0.97928 | 0.99472 | 1.00701 | 1.01623 |1.02190 | 1.02298
9 0.76617 | 0.80751 | 0.84438 | 0.87825 | 0.90938 | 0.93646 | 0.95918 | 0.97854 | 0.99494 | 1.00767 [ 1.01636 | 1.02135 | 1.02356
10 | 0.76655 | 0.80699 | 0.84437 | 0.87895 | 0.90945 | 0.93586 | 0.95917 | 0.97915 | 0.99509 | 1.00722 | 1.01613 | 1.02168 | 1.02318
11 | 0.76640 | 0.80690 | 0.84469 | 0.87889 | 0.90911 | 0.93601 |-0.95943 | 0.97891 | 0.99483 | 1.00746 | 1.01642 | 1.02155 | 1.02369
12 | 0.76622 | 0.80697 | 0.84476 | 0.87866 | 0.90909 | 0.93614 | 0.95928 | 0.97883 | 0.99503 | 1.00745 | 1.01618 | 1.02170 | 1.02332
"13 | 0.76599 | 0.80401 | 0.84465 | 0.87857 | 0.50921 | 0.93606 | 0.95921 | 0.97902 | 0.99498 | 1.00729 | 1.01637 | 1.02170 | 1.02360
14 | 0.76599 | 0.80704 | 0.84453 | 0.87866 | 0.90921 | 0.93599 | 0.95934 | 0.97892 | 0.99491 | 1.00750 | 1.01628 | 1.02164 | 1.02347
15 | 0.76600 | 0.80705 | 0.84458 | 0.87870 | 0.90917 | 0.93608 | 0.95929 | 0.97887 | 0.99499 | 1.00740 | 1.01627 | 1.02168 | 1.02343
16 |.0.76606 | 0.80698 | 0.84460 | 0.87869 | 0.90916 | 0.93908 | 0.95927 | 0.97892 | 0.99500 | 1.00738 | 1.01628 | 1.02165 | 1.02351
17 | 0.76607 | 0.80696 | 0.84460 | 0.87867 | 0.90918 | 0.93604 | 0.95927 | 0.97894 | 0.99496 | 1.00740 | 1.01624 | 1.02163 | 1.02348
18 | 0.76609 | 0.80694 | 0.84462 | 0.87868 | 0.90918 | 0.93604 | 0.95928 | 0.97891 | 0.99496 | 1.00740 | 1.01624 | 1.02164 | 1.02344
19 | 0.76609 | 0.80692 | 0.84461 | 0.87867 | 0.90918 { 0.93603 | 0.95928 | 0.97887 | 0.99497 | 1.00738 | 1.01624 | 1.02165 | 1.02339
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1238 RS HRAC X 2 E L FRE X R ORI ARE O 2 O B
£ 2 =ZFIKIC BT 2 ERTALIGIIEARE Fi(v=0.3)
F = k,(8)/(0.”J7b)
B (deg) 1 2 3 4 5 6 7 8 9 10 15 20
b/a
1.00 0.742 0.746 0.748 0.746 0.742 0.738 0.733 0.729 0.725% 0.721 0.7078 0.6969
0.75 0.740 0.742 0.743 0.741 0.739 0.735 0.732 0.728 0.725 0.722 0.7136 0.7091
0.50 0.710 0.704 0.702 | 0.700 0.698 | 0.696 | 0.694 0.692 0.691 | 0.690 | 0.6936 | 0.7044
0.25 0.601 0.583 0.573 0.570 0.570 0.572 0.576 0.581 0.587 0.593 0.6315 0.6767
25 30 35 40 45 50 55 60 65 70 75 80 85 90
0.6889 0.6821 0.6771 0.6729 0.6695 0.6667 0.6645 0.6627 0.6612 0.6601 0.6593 0.6587 0.6583 0.6585
0.7088 0.7109 0.7148 0.7197 0.7253 0.7312 0.7370 0.7424 0.7473 0.7515 0.7549 0.7574 0.7592 0.7598
0.7200 0.7382 0.7574 0.7767 0.7953 0.8128 0.8287 0.8429 0.8552 0.8653 0.8732 0.8788 0.8823 0.8835
0.7233 0.7661 § 0.8069 0.8446 0.8787 0.9092 0.9360 0.9592 0.9789 0.9950 1.0074 1.0162 1.0216 1.0234
#£ 3 =ZEBCBIT S Mi(v=03)
M, = Kl(ﬂ)/Kus(ﬂ)
£ (deg) 1 2 3 4 5 6 7 8 9 10 15 20
b/a
1.00 1.166 1.172 1.175 1.172 1.166 1.159 1.151 1.145 1.139 1.133 1.1118 1.0947
0.75 1.180 1.183 1.184 1.181 1.177 1.170 1.164 1.157 1.151 1.145 1.1240 1.1068
0.50 1.215 1.206 1.200 1.194 ©1.188 1.182 1.175 1.168 1.163 1.157 1.1348 1.1190
0.25 1.287 1.245 1.217 1.201 1.189 1.181 1.175 1.169 1.164 1.159 1.1382 1.1265
25 30 a5 40 45 50 55 60 65 70 75 80 85 90
1.0821 1.0714 1.0636 1.0570 1.0517 1.0473 1.0438 1.0410 1.0386 1.0369 1.0356 1.0347 1.0341 1.0344
1.0945 1.0847 1.0771 1.0708 1.0658 1.0618 1.0585 1.0557 1.0536 1.0519 1.0507 1.0498 1.0497 1.0496
1.1077 1.0992 1.0926 1.0874 1.0832 1.0800 1.0773 1.0752 1.0736 1.0723 1.0712 1.0704 1.0700 1.0700
1.1188 1.1129 1.1087 1.1059 1.1037 1.1020 1.1006 1.0996 1.0989 1.0984 1.0979 1.0975 1.0974 1.0974
gz gz gz
+0.05 +0.0051 [:+0.005
A .
0.
0, 0,
] ] L.0.005
-0.05 -0.005-
free surface free surface x &
M 11 EREHOMEE (n=8, bla=1.0) 13 BRFHOHBEE (n=18, bla=1.0)
agz
gz
- +0.005
+0.005 1
0.
[}
-0.005-
-0.005

free surface

4 12 BERFHOWERE (n=13, bla=1.0)

free surface

M 14 BRJFEOWEE (=18, bla=0.25)
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777 7T T T T 7
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ot 22y F= K, (p) b/a=0.25
1+ + | 0’:’
[ o] | |
. x’E 7
F 09 b/a=0.50-
I [
0.8 :
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0.7 .
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1.25 1" KonlB) 3
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1.2 ]
M, e b/2=0.50
11 F
105 [ K7
; > /a=1.00 ]
bt ' b/a=0.75 ]
1 Foll | ]
095 F X8 _
(y =03) 1

70 80 90
B (degree)
16 =ZHETFICBT 5 M

AR TR IO & > HEROERE DY (—XEE) @
S VEREM =1 EHESE B,

CCTEHAGERDRECAELTRKIODE D
W EBMBOMBEZFE 1 OMICERL TIE0.02 D
AwSvary il yEhcowtils, #LT, 27
+y%<1, 2’20, 20 QHBETH 10 KRTHT LD
BEEREELHE T 2E AL UTGEAL,

L Ly =0LTikx(8)D B, A(9)D Az H°
RKbDosnzwied y=0DKbvIZ y=0.015 &, x’
FRCYIoz Ay ¥ 2 DR A HEEREICR TV
BRELTHERALL., R(6) TRENZEIL—RFER
BRI HI0DLdicksEERAEAZR
XN UEEBTELIRI/NELS B LD, /N5
wREW,

F FRAREL b/a=1.0, 0.25 D SEIZDWT, BT
2R(T)VDEZEHERDOKRE n 23 L EDEH
AW - T2 IS HHEARRE F 0GRt 2 2 h T hk
1(a), (MEFET., R1IEZFT LSBT TD
ISR BRI REMFE CINEESETE LS DD,

£ 4 SHERFEOBAME Fimax
B IO Flhax & 2 OFENME L

b/a *

(a=1.0) FI max B (deg) FI max S (%)
1,00 0.748 3 0.668 +2.7
0.75 0.7598 90 0.6316 -2.9
0.50 0.8835 90 0.6636 +2.0
0.25 1.0234 90 0.6464 -0.6

o ;/ aJarea d area
| 8= (Fpus * -0.650)x100/F,,, *
1.2 | I B N | T T T
o KB
'K B) 3
1.18 Isida et al® '

K,:(B) : K,(B) of Elliptical Crack

’ YW b,
|
|

Present result

Yagawa et al'® }\
- ©)
Raju-Newman b/t=0.2

80
B (degree)
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REBOmEELRR 11~1310RT. XEE n=805
HIME¥ 22N TEREZEOBREEZ LY,
n=18 D & F1Z »’20.015 DHWEDKEE A ED T~
TOETERLHERZIXIOTUTTHEIRLTWS,
FoM 14 1CRT &S KBRESELTCLEAEBED
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RIZE DK bla 51.0, 0.75, 0.5, 0.25 DFE
DEBATFIC>TDO R & My DERFK?2, 3ITRT,
FhFno%®277 7L TH 15, 16 IRT, AHFFET
ORI 00152 7/ <1 OEFET 3IX107 U FoER%
BREREIFTVREDTIITIRISASI0° D
DERE2RLI.
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1240 BEBS AR & 5 R HRE & B O B HER R B O 5340 D AT

FEAREE bla=1.0 DBEHD My DIED 5345 DT %
FH S O #O® Raju-Newman O f#®, & Jif & D
fRAO L b U TR 17 1R, FH S QSRS AR
B L <~ LT3,
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Kimax=0.650 X 0.y 7/ area
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